Bosonization: Worksheet 1

Basic concepts of condensed-matter field theory

Christophe De Beule (christophe.debeule@gmail.com)

1 Fourier transform of the Yukawa potential

Calculate the three-dimensional Fourier transform of the Yukawa potential
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Vig) = /dg”'V(T) e V(r)= e,

and take the limit g — 0 to obtain the regularized Fourier transform of the Coulomb potential.

Hint: Use spherical coordinates with the z-axis pointing along g to perform the integration.

2 Free electrons

The free electron Hamiltonian can be written as

=Y [aritn |2+ vi)]dm,

o="1,)

Wher p = —ihV. The field operators obey the anti-commutation relations {1, (r), @El/(r’ )} =

0r8(r = 1') and { (1), b (')} = {1 (), &L, ()} = 0.

(1) Consider the Fourier transform

iker A
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wG(T) = \/V%e Ckos

where é};a and ¢, are creation and annihilation operators in momentum space. Assume

the volume V' = L% is a d-dimensional cube with sides L and use periodic boundary
conditions ¢, (r + Le;) = 9,(r) (i =1,...,d) to find the allowed momenta. Also find an

expression for the anti-commutation relations {¢ge, éLU,}, {Cko, Crro’ }, and {éTkU, é;fc, o}

(2) For the remainder of this exercise we put V(r) = 0. Use the above result to obtain a
representation of Hy in terms of ¢, and é;m.

(3) Calculate the non-interacting ground state energy
Eo = (| Ho |9),

where |Q) = [[ix<kp 0 éL » |0) is the Fermi sea with kr the Fermi wave number. Perform

the calculation for d = 1 and d = 3. Hint: ), — o (%)d fddk:.

3 Lattice version of the interaction Hamiltonian

The interaction Hamiltonian
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where Vee(r — 7/) is the interaction potential, can also be written in terms of Wannier field
operators ¢;, and éja through a unitary transformation

o(r) = Z OR,(T) Cio,

where the Wannier function ¢g,(r) is localized around the Bravais lattice site R; and the set
of Wannier states {|¢g,)} form an orthonormal basis of the single-particle Hilbert space. The

result is given by
oo R
Vee = Z Z V;i/j]'/ciaci/glcj/d’cja'
o,0’ ii' 55’
(1) Find an expression for Vj;;; in terms of the Wannier functions.

(2) Direct terms Vi = Vi couple density fluctuations at sites ¢ # i'. Determine Vyy for a
em(roR?/A%

contact potential Vee(r) = AJ(r) and wave functions' ¢g,(r) = G

(i) an on-site interaction i = #';

(ii) a nearest-neighbor interaction in a square lattice (d = 2) with lattice constant a.

(3) In the limit A < a, the wave functions are strongly localized on the sites and the on-
site interaction V;; = U/2, called the Hubbard interaction, is the dominant contribution.
Determine the interaction Hamiltonian V., in this approximation.

4 Useful identities

Consider two operators A and B. The Baker-Hausdorff theorem is given by

e B AP = i A Bl gy 1a, B+ 24,818+ ...

1
= n! 2
where [A, Bl,+1 = [[A4, Bln, B] and [A, B]p = A. Now define C' = [A, B] and assume that C
commutes with A and B.
(1) Use the Baker-Hausdorff theorem to show that e"BAe? = A + C.
(2) Consider the operator-valued function 7 (s) = e54e*? (s € R) and use (1) to write

a7 (s)
ds

=T(s)P(s),

where P(s) is to be found. Solve this differential equation by inspection, with the boundary
condition 7(0) = 1. Use your result to prove

eAeB = (ATBHC/2 _ (A+BC2

where the last equality follows from [A 4+ B,C] = 0.

(3) First use (1) to prove by induction that e=ZA"e? = (A + C)", and then show that

e PF(A)eP = f(A+0).

(4) Use (3) to show that edeP = eBedeC.

!These functions are not strictly Wannier functions because they are not orthogonal. Wannier functions can be
constructed from a superposition of Gaussians, but this is beyond the scope of the exercise.
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