Bosonization: Worksheet 3

Bosonic representation of free fermions

Christophe De Beule (christophe.debeule@gmail.com)

1 Commutator of density operators

In the last exercise sheet, we saw that the density operator can be written as
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where pgs are the Fourier components of the density operator and we consider different flavors,
denoted by s, of spinless fermions in one spatial dimension. Now consider the Hamiltonian

Hy=top Y > (ek — kp) ¢ énst,
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where vp = hkp/m, k = %’rn with n € Z (periodic boundary conditions), the index s cor-
responds to left- or right-moving fermions with e, = 4 respectively, and :: indicates normal
ordering with respect to the vacuum |0),, which is defined as the state where all single-particle
states with negative energy are occupied, i.e. all single-particle states with ek < kg are occupied
(Dirac sea).

(1) Draw a picture of the spectrum for left and right movers. Sketch the ground state of Hy
for Ng = 4 and N;, = —2 with Ny the number of s movers relative to the vacuum.

(2) Write the normal-ordered operator :pgs: = pgs — (0] pgs [0)y. Consider ¢ = 0 and ¢ # 0.

3) Show that [pgs, Ns/ = 0, where ]\78 = el Crs: is the number operator (relative to the
Pq k "“ks
Dirac sea) for s movers. Interpret this result physically.

(4) Calculate the commutator [ﬁqs,ﬁg,s,] = [pgs, p—qs’] for nonzero ¢ and ¢’. Rewrite the
commutator in terms of normal-ordered operators to avoid mistakes when subtracting
infinities.

(5) Show that
Pa<orL [0)g =0,  pg=0r[0)y = 0.

(6) Use the operators pgs to define bosonic creation and destruction operators IA)j] and I;q for
q # 0 so that b, |0), = 0 and [b,, Bg,] = 04y - Consider ¢ > 0 and ¢ < 0 separately.

2 Bosonic representation of free Hamiltonian

Calculate the commutator [ﬁo, pqs), where Hy = > sk s :éLsékS: is a general non-interacting

Hamiltonian. Now take Eis = e;hvpk and show that in this case JEIO can be written as
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where [EO, pqs) = 0. Determine Ejy by computing the expectation value of the N-particle ground
state |[Np, Ng), of Hy in both representations. This state contains N = N, 4+ Ny more (or less)
particles than |0),. Finally, write Hy in terms of lA)(TJ and b,,.



	Commutator of density operators
	Bosonic representation of free Hamiltonian

