Bosonization: Worksheet 5

Boson field operators

Christophe De Beule (christophe.debeule@gmail.com)

Starting from this exercise sheet, we use the following conventions. The density operator pgs
and corresponding commutator are defined as

qL
qs = Z Cch+qul<:Sa [Pgs P:;fs/] = _588’51111’68%’
k

Note that using CZ_ 4 instead of c;r~C s gives an extra minus sign in the commutator.

1 Boson field operators

Similar to the fermion field operators, we can define the boson field

p(@) = L (Ve + Np) o+ LT Lemimmall2 ().

q#0

where a > 0 is an infinitesimal regularization parameter. The boson field ¢(z) is chosen such

that
1

ﬁf?w@) = pr(z) + pr(2),

for @ — 0 and where ps(z) :1/;1(3:)1%(3:) with ¢g(z) = % S e*ers and Ny =3, :c};scks:.
(1) Show that the equation for 0,p(z) is correct and also show that ¢(x) is Hermitian.

(2) Define another boson field, denoted as ¥(x)', in a similar manner as we defined ¢(z) and
such that for a — 0

0x0(x) = pr(x) — pr(2).

-

(3) Show that

N i _ z—(m —z+ia)| =¥ (2 —z—ia)
[p(x),d(z")] = 5 (ln [1 e ] In {1 e 'L ])
Hint: Y 7, 2"/n=—1In(1l — z) for |z| < 1.
(4) Show that

L—)OO7 a—0 %Sgn(sv — x,) €T # x/7
0 x=2a.

Hint: Keep terms in 1/L and note that the complex logarithm is defined as Inz = In |z| +
iargz for z # 0 and argz € (—m,n], i.e. we put the branch cut along the negative real
axis.

(5) Use this result to show that

(@), 9@ —— 7 i — a).

Note that if we define II(z) = —0,¥(x), we obtain the canonical form [p(x),II(z’)] =
i6(x — 2'). Hint: 6(x) = 0,0(x).

!The boson field ¥(z) is not to be confused with the step function ©(z).




(6) Now start from (3) and take the derivative with respect to z’. Show that

a/m 1

[p(2), 0d(a")] = —i [(:ﬂ’—x)2+a2 - L] +O(a/L?),

and show that you obtain the same result as (5) in the limits L — oo and a — 0.

(7) Integrate your result from (6) with respect to z’ to find

T a L’

W@%Wfﬂ=0+iammn($_f>+*ﬂ

where we only kept the lowest-order terms and C' is an integration constant. Determine
C by requiring that [¢(x),J(x)] = 0. Finally take the limits L — oo and a — 0 to obtain
the result in (4). Note that for finite @ and L, the sign function is smeared over a range
of order a and that there is a term of order 1/L.

2 Free Hamiltonian in terms of boson fields

Remember that the free Hamiltonian could be written as
_ TUF . . TUFR 9
HO - T Z:; ‘P—qsPyqs: +T ZS:NS )
q

where we put & = 1. Note that the second term is different than in worksheet 3. This is because
we are now using anti-periodic boundary conditions instead of periodic boundary conditions.
The type of boundary condition makes no difference in the limit L — oo.

(1) Show that

1 ™

L2
) / dx (&Ego(x))Q = % Z (P—qr + pP—qL.) (Pgr + Pqr) + 2L (Nr + NL)2 )
—L/2 e

for a — 0. Hint: Note that ¢ = %n (n € Z), independent of the boundary conditions.
(2) Perform the same calculation for the boson field ¥(x) and show that
VF L/2 2 2
m:2/ dr [ (@rp(e))? + (0:9(2))*]
—L/2
which only holds for anti-periodic boundary conditions if we do not take the limit L — oc.
(3) Finally, show that Hy can also be written as

L/2
Hy = m)F/ / dz :[ph(z) + p(2)]: .
~L/2

We need normal ordering in the expressions above, because even though J,¢(z) and 9,9(x)
are normal ordered, their squares are not in general. Indeed, (:A:)g = 0 but (:A::A:)y =

(4%)0 = ({(A)o)?.
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