Bosonization: Worksheet 6

Boson representation of fermion fields

Christophe De Beule (christophe.debeule@gmail.com)

1 Density operator

Use the general definition of the fermion field operator ¢ (z) = % Dk e’*% ¢y, i.e. before lin-
earizing the spectrum, to show that

p(x) = Yl (2)y(x)
~ pr(x) + pr(x) + Y (@)dr (@) + o] (@)vr(2),

where ~ indicates that we only consider states close to the Fermi energy. Write down each term
explicitly in terms of sums over restricted momenta.

2 Boson representation of fermion fields

Remember that I
_ fo1= a
Pqs = zk: C;rgﬂscksa [Pgs; ﬂq/s/] = _588’51111’68%7

where ¢ is given by +1 for s = R, L, respectively.

(1) Show that '
[pq&ws(xﬂ = —6qu¢s(90)a

which suggests that 1s(x) = f ({pj]s}) which is some function of the pj]s.
(2) Use the fundamental commutator of bosonization to show that

€sqL
[Pgs (pZ/S)n] = _néqq’;?7

which can be proven by induction. Using the ansatz for 1s(z), where f is defined through
its Taylor series, show that this implies

_€sqL of
o 8p:55.

[pQS7 1/15(1’)] =

(3) Combine the results of (1) and (2) to show that

iga—alal/2 5}

bs(x) = (21a) Y2 U, Ay(z) € T Zaro 7 © ,

where Ug commutes with all pgs for ¢ # 0 and As(z) is to be determined. The operator U,
is called the Klein factor and reduces the number of s movers by one. We have also added
the regularization parameter a, as the terms in the exponent are not normal ordered.

(4) Let us find the normal-ordered form. Take s = R and use eA+F = eAeBe 248l to show
that

1/2

2 1 _igr— 2 2 2 1 i 2 1 ige t

efﬂ q#oaezqw alql/ Por — < wa 6% Zq<0561qqu36% Zq>0§elqmqu7
L

and therefore
i T 2 1
elqmpql-‘cef7T ¢>07¢q

UR 27 1
= —= Ap(z)el ~a<0aq
vz M)

iqT T
€ qu
)

Yr(z)



where we put @ = 0 on the right-hand sides because the exponents are normal ordered,
since p2>0 7 |0) = 0. In general, we have
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—igl(x) —ids(x '271- 1 qr—a
Ao(z) e795(2) =105 (@) bs() =it Z Z ela |q|/2pj13-

€sq>0

Ys(z) =

(5) Calculate (N Ul (z) |Ns), in two different ways, to show that

)\S(gj) = ei%r(]vs_%)x

)

where we define U, such that Ul Us; = 1 and when acting on the ground state with Ny
particles, Us removes the highest occupied s-level.

(6) Show that [N, 1s(x)] o< [N, Us] and use (1) to show that
[N57 Us] = _U57

which indeed shows that U, reduces the particle number: N,Ugs = U (Ng — 1).

3 Checking anti-commutators

(1) Show that [¢s(z), pu (/)] = [p}(2), ¢!, (2')] = 0 and that

[Qbs(x)a gbi/(lj)] = _558/ In|1— ye_2ﬂa/L] 9

with y = e es(@=a)

(2) Use this result together with the formula ete? = ePelelABl (see worksheet 1) to show

that
o—i9s(2) o—igl(a') _ —igl(a’) —ids(x) (1 _ y6727ra/L) ‘

(3) Show that e*™sU, = U,e®™s=1) with o € R and use the normal-ordered form

Ys(x) = Us o (Ne—3)z ,—igl() e~ is(@),

VL

to show that in the limit ¢ — 0

{¥s(2), ¥s(2')} = 0,

and

(a(@), 1)} = O ') — 2T 4= 500 o),

in the limit L — oo, where O(z, z) = 1.
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