
Bosonization: Worksheet 7

Green’s function for free bosons

Christophe De Beule (christophe.debeule@gmail.com)

1 Green’s function for free bosons

In the previous exercise sheet we showed that

ψs(x) = (2πa)−1/2 Us e
i 2π
L (Ns− 1

2)x ei
√
π[φ̃(x)+ϵsϑ̃(x)],

with a = 0+ which is needed to regularize certain sums (because the right-hand side is not
normal ordered) and

φ̃(x) = i
∑
q ̸=0

sgn(q)e−iqx√
2L|q|

(b†−q + bq)e
−a|q|/2, ϑ̃(x) = i

∑
q ̸=0

e−iqx√
2L|q|

(b†−q − bq)e
−a|q|/2,

where (for q ̸= 0)

bq =

(
2π

|q|L

)1/2

(θ(q)ρqL + θ(−q)ρqR) ,

which is different from the result obtained in Worksheet 3, because we changed the definition
of ρqs in Worksheet 5 to match the conventions of the theory course. These fields are related
to the fields φ(x) and ϑ(x) defined in Worksheet 5 as follows:

φ(x) =

√
π

L
(NR +NL) + φ̃(x), ϑ(x) =

√
π

L
(NR −NL) + ϑ̃(x).

Note that φ̃(x) and ϑ̃(x) have the same commutation relations as φ(x) and ϑ(x) and become
equal in the limit L→ ∞.

(1) Use the Baker-Hausdorf theorem to show that bq(t) ≡ e−iH0tbqe
iH0t = bq e

−ivF |q|t, where
the free Hamiltonian can be written as

H0 =
∑
q ̸=0

vF |q|b†qbq +
πvF
L

(
N2

R +N2
L

)
,

where we have taken anti-periodic boundary conditions.

(2) Calculate the boson Green’s functions Gφφ(x, t) = ⟨φ̃(x, t)φ̃(0, 0)⟩, Gϑϑ(x, t) = ⟨ϑ̃(x, t)ϑ̃(0, 0)⟩,
Gφϑ(x, t) = ⟨φ̃(x, t)ϑ̃(0, 0)⟩, and Gϑφ(x, t) = ⟨ϑ̃(x, t)φ̃(0, 0)⟩ at zero temperature. Hint:∑∞

n=1 z
n/n = − ln(1− z) for |z| < 1.

(3) In the limit L → ∞, the zero-mode contributions Ns/L can be neglected. Show that
in this case, the fermion Green’s function can be obtained from the boson Green’s func-
tions using the expression for ψs(x) in terms of φ(x) and ϑ(x). Hint:

〈
eλ1B1eλ2B2

〉
=

e⟨λ1B1λ2B2+
1
2(λ

2
1B

2
1+λ2

2B
2
2)⟩, where B1,2 are linear in boson operators.

2 Useful relation for boson operators

Show that for A and B linear in boson operators, we have〈
eAB

〉
= e

1
2
⟨A2⟩ ⟨AB⟩ .
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This is a generalization of a theorem which was proven in Worksheet 4. To proceed, first consider
the quantity

〈
eAeϵB

〉
and write it as the expectation value of a single exponent using one of

the theorems from Worksheet 1. Then expand both sides up to first order in ϵ and identify like
terms to obtain the desired result. Hint: Make use of an important theorem for operators linear
in boson operators and note that [A,B] ∈ C for A and B linear in boson operators.
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