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The minimal model for the helical edge state of a two-dimensional Z2 topological insulator
can be written as

H0 =
∑
k

c†k ℏvksz ck,

where v is the Fermi velocity, sz is a spin-1/2 Pauli matrix, and ck = (ck↑, ck↓)
t. The helical

edge state is protected by time-reversal and charge-conservation symmetry. Magnetic impurities
along the edge break time-reversal symmetry and lead to single-particle backscattering between
the Kramers partners, gapping out the helical edge. Such a process can be included as,

HM =
∑
k

c†kMsx ck.

Another way to open gap without breaking time-reversal symmetry, is by placing a supercon-
ductor on the edge, which breaks charge-conservation symmetry. An incoming spin-up electron
can be reflected at the superconductor as an outgoing spin-down hole. In this process, called
Andreev reflection, a Cooper pair of charge 2e is transmitted to the superconductor. The
Hamiltonian that describes both processes can be written as

HBdG =
1

2

∑
k

Ψ†
k HBdG(k)Ψk,

HBdG(k) = τz (ℏvksz − µs0) +Mτ0sx +∆0 (cosϕ τx + sinϕ τy) s0,

in the Nambu basis Ψk = (ck↑, ck↓,−c†−k↓, c
†
−k↑)

t and where τisj ≡ τi ⊗ sj . Here ∆ = ∆0e
iϕ is

the superconducting pairing potential and τi are Pauli matrices in the electron-hole subspace.

(1) Find the excitation spectrum ε(k) of HBdG(k) and make a sketch of the energy bands for
M = ∆ = 0, M = 0, and ∆ = 0.

(2) Consider a system with M(x) = M0θ(−x) and ∆(x) = ∆0θ(x) with ∆0 > 0, where θ(x)
is the step function, as illustrated in Fig. 1, and find the eigenstates in the Nambu basis
in region I (x < 0) and region II (x > 0) for ε = 0. Hint: use the ansatz ψ(x) = eλxψ0

and note that the electron and hole equations decouple for ∆ = 0.

(3) The general solution at ε = 0 can be written as (setting ℏv = 1)

ψI(x) = a1


M0

µ+ iλI
0
0

 eλIx+a2


M0

µ− iλI
0
0

 e−λIx+b1


0
0

−M0

µ+ iλI

 eλIx+b2


0
0

−M0

µ− iλI

 e−λIx

for region I, where λI =
√
M2

0 − µ2, and for region II
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ψII(x) = c1


1
0
i
0

 eλII+x + c2


1
0
−i
0

 e−λ∗
II+x + c3


0
1
0
−i

 eλII−x + c4


0
1
0
i

 e−λ∗
II−x,

where λII± = ∆0 ± iµ. Now assume the Fermi energy lies in the magnetic gap M2
0 > µ2

and that ∆0 > 0. Since there are no propagating modes in the energy gap, the eigenmodes
at ε = 0 are evanescent modes in both regions. Select the correct modes in both regions
by noting that the wave function has to be normalizable.

(4) The second boundary condition is the continuity of the Nambu spinor at x = 0. Show
that the zero mode is a solution and find its wave function, which can be written as

ψ0(x) =
a

2


eiµθ(x)x

eiχe−iµθ(x)x

−ieiµθ(x)x
ieiχe−iµθ(x)x

 exp

[(√
M2

0 − µ2 θ(−x)−∆0θ(x)

)
x

]
,

where eiχ = (µ + i
√
M2

0 − µ2 )/M0 and |a|2 = 2∆0

√
M2

0 − µ2/(
√
M2

0 − µ2 + ∆0) is the
normalization constant.

(5) Write down the quasiparticle operator γ0 =
∫
dxψ†

0(x)Ψ(x) of the Majorana mode. Show

that γ̄†0 = γ̄0 and γ̄
2
0 = 1 with γ̄0 =

√
2eiπ/4eiχ/2γ0. Hint: use the anticommutator relations

{ψ̂s(x), ψ̂s′(x
′)} = 0 and {ψ̂s(x), ψ̂

†
s′(x

′)} = δss′δ(x− x′).

(6) Now perform the same calculation for M = 0 and

∆(x) =

{
∆0 x < 0

∆0e
iϕ x > 0

,

and show that there are two zero modes for ϕ = π. However, these solutions are not
independent. Show that their quasiparticle operators can be written as f and f † and
construct two Majorana operators: γ1 = f + f † and γ2 = −i(f − f †). These Majoranas
are localized in the same place but are protected by time-reversal symmetry, which is
preserved for ϕ = 0 or π.

Figure 1: Hybrid junction in a helical edge state of length L. Here, we only consider the short-
junction limit L→ 0. The spin-flip and Andreev reflection processes at the magnetic
and superconducting region are denoted by the vertical arrows, respectively.
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